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Some Early Mechanisms
If you have a collection of straight sticks which are pinned (hinged) to one another at their ends,
then you can say you have a linkage like the one in our car as windshield vipers or on our desk as
some desk lamps. Linkages can also be robot arms. It is possible that because of similarity with
our own arm people started to think about the use of linkages. We can find linkages in drawing
curves in ancient Greece. Mechanical devices in ancient Greece for constructing different curves
were invented mainly to solve three famous problems: doubling the cube, squaring the circle and
trisecting the angle. There can be found references that Meneachmus (~380-~320 B.C.) had a
mechanical device to construct conics which he used to solve problem of doubling the cube. One
method to solve problems of trisecting an angle and squaring the circle was to use quadratrix of
Hippias (~460-~400 B.C) – this is the first example of a curve that is defined by means of motion
and can not be constructed using only a straightedge and a compass. Proclus (418-485) also
mentions some Isidorus from Miletus who had an instrument for drawing a parabola.[ Dyck,
p.58]. We can not say that those mechanical devices consisted purely of linkages, but it is
important to understand that Greek geometers were looking for and finding solutions to
geometrical problems by mechanical means. These solutions mostly were needed for practical
purposes. This was in spite of the fact that in theoretical Euclidean geometry there existed
demands for pure geometrical constructions using only “divine instruments” -- compass and
straightedge.
Figure 1.  Sawmill from [Honnecourt]
We can find use of linkages in old drawings of various machines in 13th century like in Figure 1.
Another source for use of machines in 16th century are works of Georgius Agricola (1494-1555)
who is considered a founder of geology as a discipline. Agricola's geological writings reflect an
immense amount of study and first-hand observation, not just of rocks and minerals, but of every
aspect of mining technology and practice of the time. 
I have omitted all those things, which I have not myself seen, or have not read or heard of from persons upon
whom I can rely. That which I have neither seen, nor carefully considered after reading or hearing of, I have
not written about. The same rule must be understood with regard to all my instruction, whether I enjoin things,
which ought to be done, or describe things, which are usual, or condemn things, which are done. (Agricola in
preface to De Re Metallica, 1556)
In the drawings that accompanied Agricola’s work we can see linkages that was widely used for
converting the continuous rotation of a water wheel into a reciprocating motion suited to piston
pumps. [Agricola] In a past linkages could be of magnificent proportions. Linkages were used
not only to transform motion but also were used for the transmission of power. Gigantic
linkages, principally for mine pumping operations, connected water wheels at the riverbank to
pumps high up on the hillside. One such installation (1713) in Germany was 3 km long. Such
linkages consisted in the main of what we call four-bar linkages, and terminated in a slider-crank
mechanism. In Figure 2 we can see use of a linkage in a 16th century sawmill. 
Figure 2.  Sawmill from [Besson]
Early Curve Drawing
Leonardo da Vinci (1452-1519) invented a lathe for turning parts of elliptic section, using a four
link mechanism, an ellipsograph with an inverted motion of the fixed link. Mechanical devices
for drawing curves were used also by Albrecht Dűrer (1471-1528). See two pictures from his
“Four books on proportions” in Figure 3.
     
Figure 3.  Curve drawing devices from [Dűrer]
When Rene Descartes (1596-1650) published his Geometry (1637) he did not create a curve by
plotting points from an equation. There were always first given geometrical methods for drawing
each curve with some apparatus, and often these apparatus were linkages. See Figure 4.
    
Figure 4.  Curve drawing apparati from [Descartes]
Drawing Ellipses
The most familiar mechanical construction of an ellipse is the “string” construction, which dates
back to ancient Greece, if not even earlier. It is based on the two-focus definition of an ellipse.
As Coolidge (1873-1958)  in [Coolidge] states: 
The Greeks must have perceived that if the two ends of a piece of string be made fast, at two points whose
distance apart is less than the length of the string, the locus of a point which pulls the string taut is an ellipse,
whose foci are the given points.” 
Further modification given by Coolidge is following: 
We have three pins placed at the centre and foci of the curve. The ends are knotted together and held in one
hand. From here the string passes around the centre pin on the left and right under two foci, and is drawn tight
by a pencil point above. If the hand holding the two ends remain fixed, the pencil point will move along an arc
of an ellipse. By changing the position of the fixed hand this may be altered at pleasure, except that the foci are
fixed. But if a small loop be made around the pencil point so that it cannot slip along the string, and the hand
holding the ends be pulled down, then the pencil point will trace an arc of hyperbola, for the difference in the
lengths of the two path from the hand to the point is constant, and so is the difference of the distances to the
two foci.
The first who wrote about the construction of an ellipse by means of a string was Abud ben
Muhamad, who wrote in the middle of 9th century [Coolidge]  
Figure 5.  Using a string to draw an ellipse
Another device for constructing an ellipse can be based on a fact that if all chords of a circle
having a certain direction are shrunk or stretched in a constant ratio, the resulting curve is a
ellipse. A description of such an “ellipsograph” can be found in [Dyck, p.228]. 
Rolling Circles Produce Straight Lines and Ellipses
In mechanics when obtaining an elliptic path in machines, La Hire’s (1614-1718) theorem is
often used: 
La Hire’s Theorem. If a circle roll, without slipping, so that it is constantly tangent internally to a fixed circle
of twice its radius, the locus of a point on its circumference is a diameter of the fixed circle, while the locus of
a point rigidly attached to it elsewhere is an ellipse. [La Hire, p.351] 
La Hire’s proof of this theorem was based on the theory of rolling curves or centrodes. But this
result was proved already before La Hire. In Proclus we can find the following:
Nor yet if you suppose a right line moving in a right angle, and by intention to describe a circle, is the circular
line, on this account, produced with mixture? For the extremities of that which is moved, after this manner,
since they are equally moved, will describe a straight line and the centre, since it is equally developed, will
describe a circle, but other points will describe an ellipse.  [Proclus, p.130]
There is another theorem that has been rediscovered many times, but the priority seems to go to
Nasir al-Din al-Tusi (1201-1274).   Al-Tusi made the most significant development of Ptolemy's
model of the planetary system up to the development of the heliocentric model in the time of
Copernicus (1473-1543). The theorem that was also referred to in Copernicus concerns the
famous "Tusi-couple" which resolves linear motion into the sum of two circular motions. The
Tusi couple is obtained by rolling a circle of radius a inside a circle of radius 2a. See Figure 6
and 7. The result is a line segment equal to the radius of the largest circle. Mathematicians
sometimes call this a 2-cusped hypocycloid, but engineers refer to such motion as special cases
of planetary gears. See [mathworld] and [dduke]. This idea was also used by F.Reuleaux (1829-
1905) as it can be seen in Figure 7.
Figure 6.  Tusi-couple
Figure 7.  Tusi-couples from Reuleaux models (photo Prof. F. C. Moon)
In Figure 6, OR= 2 CR,  ∠ PCR =  2∠POC, thus arc PR = arc QR and point P in this picture is
describing a straight line but point C moves on circle. The fact that C traces a circle suggests a
mechanical improvement to make this Tusi couple into ellipsograph. Suppose that we have a thin
rod of fixed length, one of whose ends moves on a fixed line, while its other end traces a circle
whose centre is on the line while its radius is equal to the length of the rod, a point rigidly
attached to the rod will trace an ellipse. This was described in [van Schooten] who showed how
to realize it mechanically (see Figure 10 below). 
Trammel for Drawing Ellipses
The most systematic and complete discussion of the treatment of the conics is found in the
Elementa Curvarum Linearum, of Johan de Witt, which appeared as an appendix to van
Schooten’s second Latin edition of Descartes Geometrie, 1659-1661. [Easton]. Johan de Witt (
1625-1672) was a Dutch statesman with considerable skill as a mathematician. While studying
law at the University of Leiden he became friends with Francis van Schooten the younger (1615-
1660) and received from him an excellent training in Cartesian mathematics. Van Schooten was
the main popularizer of R. Descartes Geometrie in Europe. According to van Schooten, de Witt’s
treatise was written some ten years prior its publication.
De Witt describes two more constructions of an ellipse. One of them is the trammel construction,
which was described by Proclus but is also attributed to Archimedes (287-212 B.C.). This
construction with pictures from Reuleaux kinematic model collection is described in F. Moon’s
tutorial “How to draw an ellipse” [Moon]. See Figure 8. 
Figure 8.  Trammel from Reuleaux kinematic model collection (photo Prof. D. W. Henderson
Here is De Witt’s proof why the trammel describes an ellipse.
Figure 9.  DeWitt's proof of the trammel
Given two perpendicular lines AA’ and BB’ intersecting at O. In a trammel segment CD moves
in a way that C is always on AA’ but D is always on BB’. Then if choose a fixed point P on CD
(or extension of this segment), point P describes an ellipse with axis AA’ and BB’. When C is at
O, then P is in B, and when D is in O, P is in A, thus defining semiminor and semimajor axis of
the ellipse. Let us draw PM⊥OA and DM⊥PM. Then PQ/PM = PC/PD (from similar triangles).
But PC = OB = OB’ and PD = OA = OA’, so PQ2/ PM2 = OB2/OA2. But PM2 =OA2 - OQ2 =
(OA-OQ)(OA+OQ) = AQ⋅A’Q, and from here PQ2 = (OB2 /OA2)(AQ⋅A’Q), which is the
equation of ellipse if in modern notation we denote AA’ and BB’ as x and y axes: y2 = b2 (a2 –
x2)/a2 or x2 /a2 + y2 /b2 = 1. Leonardo da Vinci suggested using this trammel construction also in
a case when axes are not perpendicular. 
Drawing Hyperbolas and Parabolas with Links and Sliders
De Witt suggested also mechanical construction of hyperbola in terms of a rotating line and a
sliding segment.
Figure 10.  Mechanical construction of hyperbola
Let a line PB rotate about a fixed point P within a two fixed lines HO and FO, intersecting HO at
B. When PB is parallel to the other side of the angle, B falls at Q and AB is chosen equal to OQ
wherever B falls. At A draw a line AM parallel to OF. The intersection C of AM and PB will be
a point on the hyperbola. Triangles PQB and CAB are similar, thus CA/AB = PQ/QB = PQ/OA.
Since OQ=AB, CA⋅ OA = PQ⋅ OQ = k2. [Easton]
In Figures 11, 12, 13 we can see some well-known linkages with slider inside for mechanically
constructing conics [van Schooten]
Figure 11.  van Schooten mechanism for constructing ellipse
To see this instrument in action and why it works, go to: http://www15.addr.com/~dscher/vellipse.html
Figure 12.  van Schooten mechanism for constructing hyperbola
To see this mechanism is action and why it works, go to: http://www15.addr.com/~dscher/vhyp.html
Figure 13.  van Schooten mechanism for constructing parabola
To see this mechanism in action and why it works, go to: http://www15.addr.com/~dscher/schooten.html
Linkages That Draw Conic Sections
Figure 14.  Hart’s crossed parallelogram [Yates]
The Hart crossed parallelogram in Figure 14 (with one bar AB attached to the plane), is a
trapezoid. Consider a trapezoid ABCD in Figure 14. By examining this trapezoid, the interested
reader can verify that as the linkage moves, the product of the variable distances AD and BC
remains constant and equal to the difference of the squares of the lengths of radial arms (AC and
BD) and traversing bar (CD).
We select a fixed point P on the traversing bar and draw the line OP parallel to AD and BC. It is
clear that OP remains parallel to these lines and O is thus a fixed point of the line AB. Let AC =
BD = 2b; AB = CD = 2a, where a>b. Let OP = r; OM = c, where M is the midpoint of AB and
∠POB =θ. Then from the Figure 14:
r = 2(c+z) cos θ; BC = 2 (BT) cos θ = 2(a-z) cos θ;
AD = 2(AT) cos θ = 2(a+z) cos θ;
(BC)(AD) = 4(a2-z2) cos2 θ= 4(a2-b2).
Combining this result with the first equation to eliminate z, we have 
a2 cos2 θ-(r/2 – c cos θ)2 = a2 –b2.
This is the polar equation of the path of P. The quantity c is determined, of course, as soon as the
point P is selected. 
If we invert this curve, taking O as the center of inversion, so that the transformation is  rs = 2k2  ,
we obtain 
a2  s2  cos2  θ- (k2  - c s cos θ  ) 2  = s2 (a2 – b2).
This inverted curve is a conic section, which may more easily be recognized by transferring to
rectangular coordinates, using 
s cos θ = x, s sinθ  = y, s = x2 +y2 .
Thus, we have 
(c2 – b2)x2 + (a2 – b2)y2 – 2c k2x + k4 = 0.
Now, since a>b, the coefficient of y2 is positive and the character of the conic is determined
entirely by the coefficient of x2. Thus the curve is a parabola, if c = b, an ellipse, if c>b and an
hyperbola, if c<b. In Figures 15-17 we have arbitrarily taken a  = 2b. The point P’ traces the
conic.
Figure 15.  Linkage that draws a parabola [Yates]
Figure 15 shows the linkage for a parabola with a = 2b = 2c. Thus, PD = AO = b. The point P is
inverted to P’ by means of Peaucellier cell where (OE) 2 – (PE) 2 =2k2. For a description of the
Peaucellier cell and its properties, see [Kempe].
Figure 16.  Linkage that draws an ellipse [Yates]
In Figure 16, the linkage is arranged for an ellipse, where 2a = 4b = 3c. For the sake of variety, P
is inverted to P’ by the Hart cell EFGH. For a description of the Hart cell and it inversive
properties, see [Kempe].
Figure 17.  Linkage that draws a hyperbola [Yates]
Figure 17 gives the arrangement for a hyperbola where a = 2b, c= 0. (P is midpoint of CD.)
Drawing Higher Order Curves
Examining the theory of algebraic curves of the third degree, Isaac Newton (1643-1727)
proposed a mechanism for the generation of circular unicursive curves of third degree, using a
four-link chain with two sliding pairs. In Figure 18, see realization of this idea in Boguslavskii’s
conicograph [Artobolevski] p. 70.
Figure 18. Boguslavskii’s conicograph {Artobolevskii]
Alfred Bray Kempe (1849-1922) also formulated a famous theorem that any algebraic curve can
be generated by an appropriate linkage or you can say simply: it is possible to design a linkage,
which will sign your name (as long as your signature is the union of continuous curves).
Outline of a proof of Kempe’s Theorem:  Let the equation of the algebraic curve in implicit
form, having the general form ( , ) 0f x y =  be expressed in the following form 0m nmnA x y =∑
where the mnA  are fixed constants. The generation of the curve representing this given equation
reduces to the series of mathematical operations fulfilled by the individual mechanisms, which
are joined together in the general unknown kinematic chain. Those individual mechanisms are:
1. mechanism for conveying a point along the given straight line;
2. mechanism for projecting a given point on to a given line;
3. mechanism which cuts off equal segments on the axes Ox and Oy;
4. mechanism for causing a straight line to pass through a given point and be parallel to a given
line;
5. mechanism for obtaining proportional segments in two straight lines passing through a given
point (multiplying mechanism);
6. mechanism for addition of two given segments (summing mechanism). 
See [Artobolevski, p.8-12] for more details of this proof. See [Horsburgh, p. 260-261] for
another proof of Kempe’s Theorem.
Other Directions in the Theory of Linkages
In 1877 A. B. Kempe published a small book: How to Draw a Straight Line: A Lecture on
Linkages. He mentioned J. Watt (1736-1819) and also the work of J. J. Sylvester (1814-1897), 
Richard Roberts (1789-1864), P. L. Chebyshev (1821-1894), Harry Hart (1848-1920), William
Kingdon Clifford (1845-1879), Jules Antoine Lissajous (1822-1880), Samuel Roberts (1827-
1913), and Arthur Cayley (1821-1895). More about this see [Kempe]. 
Figure 19.  Title page of Kempe's book
This tradition of seeing curves as the result of geometrical actions can be found also in works of
Roberval (1602-1675), Pascal (1623-1662), and Leibniz (164-1716). Mechanical devices for
drawing curves played a fundamental role in creating new symbolic languages (for example,
calculus) and establishing their viability. The tangents, areas and arc length associated with many
curves were known before any algebraic equations were written. Critical experiments using
curves allowed for the coordination of algebraic representations with independently established
results from geometry [Dennis, 1995]. 
Linkages are closely related with kinematics or geometry of motion. First it was the random
growth of machines and mechanisms under the pressure of necessity. Much later algebraic
speculations on the generation of curves were applied to physical problems. Two great figures
appeared in 18th century, Leonard Euler (1707-1783) and James Watt (1736-1819). Although
their lives overlap there was no known contact between them. But both of them were involved
with “geometry of motion”. Euler’s “Mechanica sive motus scientia analytice exposita” (1736-
1742) is, to quote Lagrange, “the first great work in which analysis is applied to the science of
movement.” The fundamental idea of kinematic analysis stems from Euler. Watt, instrument
maker and engineer, was concerned with the synthesis of movement. Mechanism designers
before Watt had confined their attention to the motions of links attached to the frame. It was
Watt who focused on the motion of a point on the intermediate link of the four-bar mechanism in
1784. The application of this brilliant thought allowed Watt to build a double-acting steam
engine; the earlier chain connecting piston and beam was now replaced by a linkage able to
transmit force in two directions instead of only one. Euler’s theoretical results were unnoticed by
kinematicians  for another century. But engineers and mathematicians were devising linkages to
compete or supersede Watt’s mechanism. These efforts led to generalized treatment of coupler-
point motion that first was called “ three-bar motion” and was developed by Samuel Roberts a
century later.
Euler wrote in 1775:
The investigation of the motion of a rigid body may be conveniently separated into two parts, the one
geometrical, the other mechanical. In the first part, the transference of the body from a given position to any
other position must be investigated without respect to the causes of motion, and must be represented by
analytical formulae, which will define the position of each point of the body. This investigation will therefore
be referable solely to geometry, or rather to stereotomy. [Euler], page viii.
It is clear that by the separation of this part of the question from the other, which belongs
properly to mechanics, the determination of the motion from dynamical principles will be made
much easier than if the two parts were undertaken conjointly.
Here we can see beginnings of the separation of the general problem of dynamics into kinematics
and kinetics. Euler’s contemporaries I. Kant and D’Alambert (1717-1783) also were treating
motion purely geometrically. This is what L.N.M. Carnot (1753-1823) later called “geometric”
motion. By the end of 18th century G. Monge (1746-1818) proposed a course on elements of
machines for the Ecole Polytechnique 
Linkages have many different functions, which can be classified according on the primary goal
of the mechanism: 
a) function generation: the relative motion between the links connected to the frame, 
b) motion generation: the motion of the coupler link or 
c) path generation: the path of a tracer point. 
The last category is a classical problem in linkage design where the primary concern has been the
generation of straight-line paths. Franz Reuleaux (1829-1905), who is often called "father of
modern machine design", had many of straight line mechanisms in his kinematic model
collection. Cornell University has a collection with about 220 different F. Reuleaux kinematic
models and 39 of them are mechanisms about straight-line motion. See [KMODDL]. 
In 20th century ideas growing from Kempe's work were further generalized by Denis Jordan,
Michael Kapovich, Henry King, John Millson, Warren Smith, Marcel Steiner and others. The
more recent combinatorial approach to linkages puts together ideas about rigidity, graph theory,
and discrete geometry. One can generalize and consider a polygon (where the edges are hinged at
the vertices), a tree, or other more general structures consisting of rods and plates (polygons
spanned with a rigid membrane). The concept of a linkage is an area of mathematics that became
dormant for a time, but has been recently revived by new applications.
Antonin Svoboda (1907-1980) became involved with computers in 1937 when he started to work
for Czechoslovakian Ministry of National defense. He and Vand designed an antiaircraft gun
control system. In 1941 became a staff member of the Radiation Laboratory joining the group of
the analog computers connected with MARK 56 antiaircraft control. The analog computer had
two sections. The linear part, which was called OMAR, was done by linear potentiometers of
high precision (better than one- thousandth). But the linear theory had to be corrected by
nonlinear corrections. Svoboda was asked to produce a mechanical solution for the non-linear
part of the system. Computing linkages generating functions of one or two variables were
supposed to be used. See Figure 20 for example of a linkage computer such as Svoboda
designed.
Figure 20.  Linkage Computer [Hinkle]
For a recent survey of results on linkages, including some results since 2000, see [Connelly].
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